Introduction
The problem of loads traveling along a distributed parameter system is commonly encountered in many important engineering systems. Examples include the design of railroad tracks with highspeed trains and highway bridges with moving vehicles ͓͑1,2͔͒, high-speed precision machining ͓͑3͔͒, circular saw blades ͓͑4͔͒ computer disk drives ͓͑5͔͒, and cables transporting humans/ materials ͓͑6͔͒. The accurate prediction of the stresses developed in the continuous system due to moving loads is crucial as a miscalculation may lead to undesirable human casualty and loss of important data and information. The collapse of the U.S. Silver Bridge in 1967 that claimed 46 lives remains a chilling warning to bridge design engineers ͓͑7͔͒.
In this paper, a new method is proposed to calculate the bending moment and shear force of a proportionally damped beam due to moving concentrated loads. The term ''moving concentrated load'' is used to denote either a moving force that is a priori known or one that depends on the interactions between the beam and the moving subsystems it carries. Hereafter, when the moving force is a priori known, the problem is termed the ''moving force problem.'' The solution in the form of a series representation is first derived for arbitrary moving forces and then extended to the moving oscillator problem in which the moving forces depend on the responses of the beam and oscillators.
It was shown that the response and slope of the beam can be accurately determined by using only few terms of a conventional eigenfunction series ͓͑8-10͔͒. However, higher order derivatives of the series ͑required for calculating the bending moment and shear force͒ converge poorly and cannot capture the jumps in the shear forces. In this work, the eigenfunction expansion is improved by a ''correction function'' which bears information about the shear force jumps at the locations where the moving loads are applied and includes the contributions of the truncated higher modes in the series. This results in a better and more efficient evaluation of the bending moment and shear force.
The genesis of this technique can be traced to accelerating the convergence of the modal series ͑spectral͒ representation for the Green's function ͑or dynamic flexibility or reacceptance͒ which has been known for some years as the ''mode-acceleration'' method ͓͑11͔͒. Interested readers are referred to the papers by Dowell ͓12͔ Palazzolo et al., ͓13͔ ͑general case of a nonconservative finite-dimensional system͒, Pesterev and Tavrizov ͓14͔ ͑free-free conservative distributed parameter systems͒, and the references therein. The mode-acceleration technique has been applied to problems related to the steady-state vibration of structures due to harmonic excitations. However, the extension of this technique to the moving loads problem ͑which is transient in nature͒ is not trivial and has not been discussed. As discussed in Palazzolo et al. ͓13͔, the improved representation for receptances can be expressed in two equivalent forms: ͑1͒ in terms of a series with accelerated convergence or ͑2͒ as the sum of a conventional spectral representation and a ''residual flexibility'' which accounts for the truncated higher order modes. The ''correction function'' derived in this paper may thus be viewed as an extension of the notion of residual flexibility for moving load problems. This paper is organized as follows. In the next section, a mathematical formulation of the problem is given. In Section 3, response solution for damped continua in terms of the conventional series is discussed and the modal representation for the static Green's function is given. The improved series representation for a proportionally damped beam is derived in Section 4. In Section 5, the application of the method to the moving oscillators problem is discussed. The efficiency of the new representation is illustrated by numerical results in Section 6.
Problem Statement
The vibration of a spatially one-dimensional, damped distributed parameter system due to moving loads is governed by ‫ץ‬ 2 ‫ץ‬t 2 w͑x,t ͒ϩD
subject to given boundary and initial conditions. Here, L is the length of the continuum; w(x,t) is the transverse displacement of the continuum; , D, and K are spatial differential operators representing inertia, damping, and stiffness of the system, respectively, and K are positive definite and D is positive semidefinite;
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␦(x) is the Dirac delta-function; and i (t) are the time-dependent coordinates at which the forces are applied. The functions F i (x,t) are assumed to be twice differentiable with respect to both arguments for 0ϽxϽL and for t satisfying the inequalities 0Ͻ i (t) ϽL, and are not required to be a priori known. In this work, we restrict our consideration to systems with stiffness operator of order four. The reason for this is explained in Section 4.3.
We consider homogeneous boundary conditions and, in particular, assume that the continuum has no rigid-body modes and its ends are fixed, w(0,t)ϭw(L,t)ϭ0. We further assume zero initial conditions, which implies that the continuum is at rest for tр0. Note that this assumption merely simplifies the notation and does not affect the idea behind the development of the new series representation. We first consider the case of one force moving with a constant velocity v; i.e., lϭ1 and 1 (t)ϭvt. This requirement, in fact, is not needed for the analysis, and the resulting equations are easily extended to the case of many forces moving with arbitrarily varying velocities ͑see Remarks 2 and 3 in Section 4.4͒.
It is well known that the solution to Eq. ͑1͒ can be expanded in terms of the eigenfunctions of the distributed system. However, a disadvantage of using this expansion is the poor convergence of the series in calculating the bending moment and shear force because of the moving singularities on the right-hand side of Eq. ͑1͒. As a result, these calculations are prohibitedly expensive in terms of the number of terms required. In what follows, a ''correction function'' is derived to accelerate the convergence of the series, which is expressed in terms of the static Green's function of the continuum and its modal parameters. When deriving the improved series representation, we need some results concerning the conventional series expansion, which are summarized in the next section.
Conventional Series Expansion
In view of the assumptions stated above, we will look for solution to the equation ‫ץ‬ 2 ‫ץ‬t 2 w͑x,t ͒ϩD ‫ץ‬ ‫ץ‬t w͑x,t ͒ϩKw͑ x,t ͒ϭF͑ x,t ͒␦͑ xϪvt ͒ (2) subject to given homogeneous boundary and zero initial conditions.
General Case of Damping.
It is well known that the solution to Eq. ͑2͒ can be written in terms of the dynamic Green's function g(x,,t) of the distributed system as ͑see, e.g., ͓15͔͒
In practice, the Green's function is represented by the truncated modal series
where complex n and n (x) are, respectively, the nth eigenvalue and eigenfunction of the distributed system. In addition, n (x) must satisfy the normalization condition ͓͑15͔͒
Thus, we arrive at the approximation of the response of the system by the series expansion
where the time-dependent coefficients q n (t) are given by
Static Green's Function. By definition, the static Green's function G(x,) is the solution to the equation
and, for a fixed value of , 0ϽϽL, satisfies the given boundary conditions. For a string or a beam with arbitrary boundary conditions, the static Green's function G(x,) can easily be obtained either in the form of a polynomial ͑see, e.g., Appendix II of ͓16͔͒ for a uniform structure or in terms of quadratures for nonuniform structures.
In what follows, we will also need the modal series representation for the static Green's function. It is given in terms of the eigenvalues n ϭi n and eigenfunctions n (x) of the conservative continuum associated with the damped one under consideration, which are solutions to the eigenvalue problem
and n (x) satisfy the conventional orthonormality relations for conservative systems
where ␦ n j is the Kronecker delta. Thus, G(x,) can be approximated by the modal series
The derivation of the improved solution relies on the modal series representations for the dynamic and static Green's functions. As can be seen from ͑4͒ and ͑11͒, these representations are given in terms of different sets of eigenfunctions, which makes the analysis of the general case of damping in the system rather complicated. In this work, we confine our efforts to the case of a proportionally damped continuum, for which the relationship between these sets can be easily found.
Proportionally Damped Continuum.
It is well known ͓͑17,18͔͒ that, if the system is proportionally damped, the system eigenvalues are complex, n ϭ␣ n ϩi n , but the eigenfunctions can be taken as real. However, as can be easily seen, no real functions satisfy the normalization condition ͑5͒ ͑since n s are complex͒, and we need either to use complex eigenfunctions to take advantage of the modal series representation ͑4͒ for the dynamic Green's function or to find its equivalent representation in terms of the real eigenfunctions n (x). We will look for the eigenfunctions of the damped system in the form
with a complex multiplier c n being chosen from the condition that n (x) satisfies ͑5͒. Substituting ͑12͒ into ͑5͒ and using Eq. ͑9͒ and the relation n 2 ϭϪ n n , we find that c n 2 ϭϪi n / n . Substituting ͑12͒ into ͑4͒, we get the modal series representation for the dynamic Green's function in terms of the real eigenfunctions of the corresponding conservative continuum as
The solution to Eq. ͑2͒ is given then by
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where q n R (t) is the real part of the integral
The slope, bending moment, and shear force are obtained by the term-wise differentiation of the series in ͑14͒ with respect to x. For example, the shear force for a uniform beam is given by
where EI is the flexural rigidity of the beam. As mentioned before, because of the jump in the shear force, series ͑16͒ converges poorly and an accurate approximation of the shear force requires a large number of terms in the series. In the next section, we derive a new representation which explicitly takes into account this jump.
Improved Solution Representation for a Proportionally Damped Beam
4.1 General Idea of the Approach to be Used. As aforementioned, the poor convergence of series ͑16͒ is associated with the moving singularity on the right-hand side of Eq. ͑2͒. This suggests that one possible way to improve the solution is to try to remove the singularity, i.e., to reduce the problem to that of finding the solution of the original equation with the right-hand side free of the moving singularity. This can be achieved if the desired solution is represented as a sum of two functions such that one of these functions is ''responsible'' for the singularity and can easily be determined. Then, the second function satisfies the original equation with the right-hand side free of the singularity and, thus, can be better approximated by the series in terms of the continuum eigenfunctions. To remove the moving singularity, the concept of quasi-static solution introduced in Pesterev and Bergman ͓͑16͔͒ for the case of a constant moving force is extended to the case of varying moving forces.
Quasi-Static Solution.
The quasi-static solution w qs (x,t) is defined as
where h(t) is the Heaviside unit step function. In view of ͑8͒, it is evident that this function satisfies the equation
and gives the response of the distributed system due to the moving force F(x,t) if we neglect the inertia of the system.
Derivation of the Improved Representation.
We will look for the solution to problem ͑2͒ in the interval ͓0,L/v͔ in the form w͑x,t ͒ϭw ͑ x,t ͒ϩw qs ͑ x,t ͒.
Introducing the notation
we can write the quasi-static solution for tϽL/v as
The substitution of ͑19͒ into ͑2͒ with regard to ͑18͒, ͑20͒, and ͑21͒ results in the equation
where H t (x,t) and H tt (x,t) are the first and second derivatives, respectively, of H(x,t) with respect to time. If the order of the highest derivative in the stiffness operator is four, then the righthand side of Eq. ͑22͒ has no moving singularity, and hence, the function w (x,t) can be better approximated by the series in terms of the eigenfunctions of the continuum compared to w(x,t). The condition imposed on the stiffness operator is essential. Indeed, the function H tt (x,t) contains the second derivative of the static Green's function with respect to the second variable, G (x,vt).
If the differential order of the stiffness operator K is two, then it follows from Eq. ͑8͒ and the symmetry of G(x,) that the righthand side of ͑22͒ contains a moving singularity, the function ␦(xϪvt). This implies that the method to be presented cannot be directly applied ͑at least, in the form described below͒ to systems that have differential stiffness operator of order two, e.g., to strings or rods. We will expand the solution to ͑22͒ in the series of N eigenfunctions of the distributed system and write it in the form
where g(x,,t) is given by ͑13͒. By using the integration by parts, the right-hand side of Eq. ͑23͒ can be transformed to a form free of delta-functions and derivatives of H(x,t),
The proof of this is given in the Appendix. Now, we apply modal series representations ͑11͒ and ͑13͒, to evaluate the integrals over on the right-hand side of ͑24͒. Using orthogonality relations ͑10͒, we find that
Similarly,
Adding integrals ͑26͒ and ͑27͒, we get
It follows from the last equation and Eqs. ͑24͒ and ͑25͒ that
where q n R (t) is the real part of integral ͑15͒. As can be seen, the first term represents the conventional series expansion. Using ͑19͒, we arrive at a compact formula for the desired solution
Discussions and Extensions of the Improved Representation.
As can be seen from Eq. ͑28͒, the improved solution involves no additional computations compared to the conventional series expansion ͑14͒. The function in the parenthesis, which may be termed correction function, or dynamic flexibility, is easily calculated given that the static Green's function is known. This function bears information about the truncated higher modes. Remark 1. In the above analysis, we considered the time interval ͓0,L/v͔, when the force is on the continuum. To extend it to the values of time greater than L/v ͑when the force leaves the continuum͒, we need to take into account both unit step functions in the definition of the quasi-static solution ͑17͒, which results in the additional term
on the right-hand side of ͑22͒. Repeating the above calculations for this case and using additionally the assumption that the right end of the continuum is fixed, we obtain, as could be expected, the solution in the form of the conventional series
where q n R (t) is again given by the real part of ͑15͒ if we set F(vt,t)ϭ0 for tϾL/v. Equations ͑15͒ and ͑28͒ can be made valid for all values of t by the use of extended eigenfunctions introduced in Pesterev, et al. ͓19͔ i.e., for xϽ0 and xϾL, n (x) ϵ0 and G(x,)ϵ0.
Remark 2. Note that none of the derivations employ the assumption of constant velocity of the moving force. It can be easily checked, that all calculations remain valid if the velocity varies. In that case, we simply need to substitute the function (t) for vt in ͑28͒ ͑and to append the equation governing the variation of (t) if this function is not specified explicitly͒.
Remark 3. The case of many forces traversing the beam can be treated in the same way as the case of one force. In view of Remarks 1 and 2, solution to Eq. ͑1͒, for any tϾ0, can be written in the form (29) where Eq. ͑15͒ for the time-dependent coefficients q n (t) now takes the form
Note that the use of the extended eigenfunctions ͓͑19͔͒ in the last equation takes care of how many forces are on the beam at a current time t such that the fact that a certain pth force has already left the beam or has not come yet is automatically taken into account since the functions j ( p ()), jϭ1, . . . ,N, vanish in these cases. For a uniform beam, differentiating both sides of ͑29͒ gives the improved representation for the bending moment
and the shear force
The jumps in the shear force at the points x i (t)ϭ i (t) are calculated exactly by virtue of the static Green's function and equal to
Application to the Moving Oscillator Problem
The general formulas obtained in the previous section are valid independent of the fact whether the functions F i (x,t) are a priori known or not ͑we did not use the explicit dependence of these functions on time or spatial coordinate͒. If the functions F i (x,t) are a priori known, then the improved solution is obtained as easily as in the case of the constant moving force ͓͑16͔͒. The situation becomes more difficult if we deal with the moving oscillator problem. In this case, F i (x,t) depend on the response of the continuum and on other unknowns such as vertical displacements of the oscillators, the equations for which are to be appended to ͑1͒. For example, for the problem where several conservative oscillators traverse the continuum, we have F i (x,t) ϭϪm i gϪk i (w(x,t)Ϫz i (t)), where m i and k i are the mass and the spring stiffness of the ith oscillator and z i (t) are the unknown vertical displacements of the oscillators, which require additional equations. For the problem of damped oscillators moving with a constant velocity v along an even beam surface with the profile (x), F i (x,t) are given by
where c i are the damper coefficients. Thus, we see that, in order to calculate the forces F i ( i (t),t) acting on the beam at the points of the oscillator attachments, we need to know the displacements of the beam w( i (t),t) at these points, which, as can be seen from ͑29͒, depend in their turn on the forces F i ( i (t),t). Instead of trying to find an accurate solution to this problem, we suggest the following approach. The response and slope can be accurately determined by using the conventional series expansion ͑14͒. The high accuracy of calculation is explained by the fast convergence of the series in the case of a beam ͑ n s are proportional to n 2 ͒ and is confirmed by our previous results ͓͑8-10͔͒. Since the interaction forces depend on the beam response and, in the case of a damped oscillator, on the slope of the beam, we suggest to first determine the forces by using the conventional series ͓͑19͔͒. Then, substitute the interaction forces obtained for F i ( i (t),t) into the improved representations ͑30͒ or ͑31͒ to accurately calculate the bending moment or shear force. The program implementation of this approach is extremely easy and suggests the use of the programs implementing the earlier methods with the subsequent correction of the solutions obtained. The results of our numerical experiments shown in the next section demonstrate that the new series converges rapidly, which substantiates the efficiency of the new representation and justifies the use of the approach suggested above in the moving oscillator problem. Since the interaction forces are calculated approximately, there may appear a question of whether the improved series converges to the solution of Eq. ͑1͒. This question is easily answered. Indeed, let the number N of the series go to infinity. Then, the function in the parentheses in ͑28͒ tends to zero ͑the infinite series in the parenthesis equals the static Green's function͒, and the improved representation ͑28͒ reduces to the conventional series, which is known to converge to the desired solution.
Numerical Examples
The aim of our numerical experiments was to examine the convergence of the improved series representation ͑31͒ for the shear force distribution and to provide comparison with the solution obtained through the use of the conventional series expansion. The latter was calculated by the method described in Pesterev and Bergman ͓10͔. We refer to this solution as ''conventional solution.'' The solution obtained through the use of ͑31͒ is referred to as the ''new solution.'' The static Green's function of a simply supported beam required in ͑31͒ was evaluated by means of the analytical formula given in Pesterev and Bergman ͓16͔.
We considered five damped oscillators with equal masses m traversing a simply supported damped beam with the velocity v ϭ6 m/s and the arrival time intervals 0.2 s. The beam parameters are the same as those employed in ͒ and dampers in all oscillator models with the damping coefficients c i ϭ2 N•s/m, such that the fourth oscillator is overdamped and the others are underdamped. The spring stiffness coefficients are k 1 ϭ20, k 2 ϭ30, k 3 ϭ40, k 4 ϭ4, and k 5 ϭ20 ͑N/m͒. The results related to this system are shown in Figs. 1-3 . The forces acting on the beam from the oscillators ͑each force is the sum of the oscillator weight and the elastic and damping forces͒ in the time interval 0 and 1.8 s ͑when at least one oscillator is on the beam͒ were calculated with the use of the conventional series expansion. Figure 1 shows the exact values of the forces ͑solid lines͒ and their approximations by two terms of the series ͑dashed lines͒. The convergence of the conventional series for the response is so good that, beginning with Nϭ4, all approximations result in the same curves and may be considered as accurate. These forces and the time-dependent coefficients q n (t) of the conventional series expansion were substituted into Eq. ͑31͒ to calculate the shear force distribution at tϭ0.9 s by the proposed method. Figure 2 demonstrates the convergence of the new series expansion: the solid and Transactions of the ASME dashed lines depict the accurate solution and its approximation by two terms of ͑31͒, respectively. Beginning with Nϭ4, the curves corresponding to different approximations with N terms of series ͑31͒ coincide. Figure 3 demonstrates the convergence of the conventional series and shows the accurate solution ͑solid line͒ and the approximations obtained by using 10 ͑dash-dotted line͒ and 20 ͑dashed line͒ terms. The difference in the convergence of two series is easily seen and self-explanatory. The results presented show the superiority of the new representation ͑31͒ over the conventional one: two-four terms of the new expansion were sufficient to get nearly exact solution. On the other hand, the conventional series is not able to provide a good approximation for the shear force: even with 20 terms, the solution obtained is still far from the accurate one. Although not shown, results using the new series also converge faster than those by the conventional series in the calculation of the bending moment. For instance, the bending moment distribution in the neighborhood of the location of the moving force is poorly represented by the conventional series but is accurately calculated by the new series. 
Conclusions
An improved series expansion of the solution to the problem of vibration of a proportionally damped beam subject to an arbitrary number of moving loads has been derived. The forces acting on the beam may depend on time and spatial coordinate and are allowed to move with different and arbitrarily varying velocities. The improved representation is valid even if the moving forces are not a priori known, which made it possible to apply it to the problem of multiple moving oscillators. The convergence rate of the new expansion is considerably better than that of the conventional series expansion.
The advantages of the new technique are most pronounced when the term-wise differentiation of the response solution is required to calculate the shear force distribution, which is a discontinuous function. The jumps in the shear force at the points where the forces are applied are explicitly and accurately taken into account by the quasi-static solution.
Numerical results have been presented that clearly demonstrate the improved convergence of the new representation. Based on these and other results, not included in the paper, we can state that, even with 25 terms, the approximation by the conventional series is worse than the three-term approximation by the new method. Note that the number of first-order ordinary differential equations required to solve the multiple moving oscillator problem is equal to 2(Nϩl), where l is the number of the oscillators. Thus, the difference in the computational complexity of the methods based on the improved and conventional series is considerable. 
Rewrite the third integral in the right-hand side of ͑32͒ as ͵ 
The fourth addend on the right-hand side of Eq. ͑35͒ vanishes since H(,0)ϭ0. The first addends on the right-hand sides of ͑35͒ and ͑36͒ are equal to zero since g(x,,0) is zero. Substituting the resulting equations into ͑34͒, we get ͑24͒.
